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1. Introduction
Study of soliton hierarchies is of great importance since they arise in the analysis of various problems in physics and
applied mathematics. At the same time, many methods have been used to study soliton equations and hierarchies, as the
Inverse Scattering transformation (IST), the Hirota’s bilinear method, the Wronskian technique, the trace and variational
identity, the Bäcklund and Darboux transformation(DT) and so on [1–13]. Among them, DT method based on Lax pairs has
been proven to be one of the most fruitful algorithmic procedures to get exact solutions of the soliton equations.
In this paper, we are interested in the DT and exact solutions of the generalized coupled mKdV equation with multi-
component⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
ut = 3
2
u2ux − 1
4
uxxx − 1
2
vxx + 2uxs + usx + 2vs + vu2,
vt = −s
(
u3 − 1
2
uxx − vx + 2us
)
,
st = −v
(
u3 − 1
2
uxx − vx + 2us
)
,
(1.1)
which was derived form Boiti and Tu (BT) hierarchy [6]. BT hierarchy is an integrable Hamiltonian system of inﬁnite dimen-
sional in Liouville sense. When v = s = 0, Eq. (1.1) is reduced to the celebrated mKdV equation ut = 32u2ux − 14uxxx .
The paper is organized as follows. In Section 2, we construct a new DT for the generalized coupled mKdV equation (1.1)
with the help of Boiti and Tu spectral problem. In Section 3, we construct solitary wave solutions for the generalized coupled
mKdV equation by means of its DT. A summary and discussions are given in Section 4.
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In this section, we will construct a new DT for Eq. (1.1). Let’s consider the spectral problem
φx = Uφ, U =
(−iλ + is
λ
u + iv
λ
u − iv
λ
iλ − is
λ
)
, φ =
(
φ1
φ2
)
, (2.1)
which was ﬁrst introduced by Boiti and Tu in [6]. They used a simple approach for constructing the Hamiltonian structure
of the soliton equations related to the spectral problem (2.1). In 1989, Tu used the trace identity [7] for constructing the
Hamiltonian structure of the spectral problem (2.1).
We choose the auxiliary problem of (2.1)
φt = V φ, V =
(−iλ3 − 12 iλu2 v12
v21 iλ3 + 12 iλu2
)
, (2.2)
where
v12 = λ2u + 1
2
iλ(2v + ux) + 1
4
(
4su + 2u3 − 2vx − uxx
)
,
v21 = λ2u − 1
2
iλ(2v + ux) + 1
4
(
4su + 2u3 − 2vx − uxx
)
.
The compatible condition of Eqs. (2.1) and (2.2) is the zero curvature equation
Ut − Vx + [U , V ] = 0, [U , V ] = UV − V U . (2.3)
Through a direct calculation of Eq. (2.3), we can yield the generalized coupled mKdV equation (1.1).
The DT is actually a gauge transformation
φ = Tφ (2.4)
of the spectral problems (2.1) and (2.2). This requires that φ also satisﬁes the spectral problems
φx = Uφ, U = (Tx + T U )T−1, U =
(−iλ + is
λ
u + iv
λ
u − iv
λ
iλ − is
λ
)
, (2.5)
φt = V φ, V = (Tt + T V )T−1, V =
(−iλ3 − 12 iλu2 v12
v21 iλ3 + 12 iλu2
)
, (2.6)
where
v12 = λ2u + 1
2
iλ(2v + ux) + 1
4
(
4su + 2u3 − 2vx − uxx
)
,
v21 = λ2u − 1
2
iλ(2v + ux) + 1
4
(
4su + 2u3 − 2vx − uxx
)
.
This means that we have to ﬁnd a matrix T such that the old potentials u, v and s in U and V are replaced with new
ones u, v and s.
By cross differentiating (2.5) and (2.6), we obtain
Ut − V x + [U , V ] = T
(
Ut − Vx + [U , V ]
)
T−1.
Now we come to construct a concrete transformation. Let λ = λk , the solution of the spectral problems (2.1) and (2.2)
is h(k) = (h(k)1 ,h(k)2 )T . It is easy to see that h(k)− = (h(k)2 ,h(k)1 )T is the solution of the spectral problems (2.1) and (2.2) with
λ = −λk . Suppose that
H =
(
h(k)1 h
(k)
2
h(k)2 h
(k)
1
)
, Λ =
(
λk 0
0 −λk
)
, (2.7)
let σ = h(k)2 /h(k)1 ,
S(k) = HΛH−1 = λk
(1− σ 2)
(
1+ σ 2 −2σ
2σ −σ 2 − 1
)
, (2.8)
and for simplicity, further let tan θ2 = σ , then Eq. (2.8) will become
S(k) = λk
(
sec θ − tan θ
tan θ − sec θ
)
 qλk
(
A −B
B −A
)
. (2.9)
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σx = u − iv
λk
+
(
2iλk − 2is
λk
)
σ −
(
u + iv
λk
)
σ 2, (2.10)
we obtain
θx =
(
2iλk − 2is
λk
)
sin θ + 2u cos θ − 2iv
λk
. (2.11)
Taking Darboux matrix
T = λI − S(k) =
(
λ − λk sec θ λk tan θ
−λk tan θ λ + λk sec θ
)
, (2.12)
we have
U = (Tx + T U )T−1 =
(
Q 11 Q 12
Q 21 Q 22
)
, (2.13)
where
Q 11 = −Q 22 = −iλ + i
λ
[
−1
2
sec2 θ
(
s(cos2θ − 3) − 4v sin θ)],
Q 12 = −i sec2 θ
[−λk sin2θ + iu cos2 θ]+ i
λ
[
−1
2
sec2 θ(4s sin θ + 3v − v cos2θ)
]
,
Q 21 = i sec2 θ
[
λk sin2θ − iu cos2 θ
]− i
λ
[
−1
2
sec2 θ(4s sin θ + 3v − v cos2θ)
]
. (2.14)
Using Eqs. (2.5), (2.13) and (2.14) yields⎧⎨
⎩
u = u + 2iλk tan θ = u + 2iλkB,
v = v − 2s sec θ tan θ − 2v sec2 θ = v − 2sAB − 2v A2,
s = s + 2s tan2 θ + 2v sec θ tan θ = s + 2sB2 + 2v AB.
(2.15)
According to the above computation, we have the following Proposition 1.
Proposition 1. When u, v and s are given, let (h(k)1 ,h
(k)
2 )
T be the solution of Eqs. (2.1) and (2.2) with λ = λk, then by using of the
Darboux matrix T and Eq. (2.15), we have
U = (Tx + T U )T−1. (2.16)
We can obtain the same proposition about the auxiliary spectral problem.
Proposition 2. When u, v and s are given, let (h(k)1 ,h
(k)
2 )
T be the solution of Eqs. (2.1) and (2.2) with λ = λk, then by using of the
Darboux matrix T and Eq. (2.15), we obtain
V = (Tt + T V )T−1. (2.17)
Proof. A direct calculation yields
σt = uλ2k + su +
1
2
u3 − iλkv − 12 iλkux −
1
2
vx − 1
4
uxx +
(
2iλ3k + iλku2
)
σ
+
(
−λ2ku − su −
1
2
u3 − iλkv − 12 iλkux +
1
2
vx + 1
4
uxx
)
σ 2,
θt = −2iλkv − iλkux +
(
2iλ3k + iλku2
)
sin θ +
(
2λ2ku + 2su + u3 − vx −
1
2
uxx
)
cos θ. (2.18)
Substituting Eqs. (2.12), (2.15), (2.18) and (2.11) into Eq. (2.17) and using the computer algebraic system Mathematica or
Maple, we can easily obtain the conclusion (2.17). Thus the proof is completed. 
Propositions 1 and 2 show that the transformation (2.12) and (2.15) changes the Lax pairs (2.1) and (2.2) into other Lax
pairs (2.5) and (2.6), with U , V and U , V being in identical forms respectively. Therefore both of the Lax pairs lead to
the same Eq. (1.1), so Eqs. (2.12) and (2.15) are the DT of the Eq. (1.1). From Propositions 1 and 2 we have the following
theorem.
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Lax pairs (2.1) and (2.2). Let σ = h(k)2 /h(k)1 = tan θ2 , then
T =
(
λ − λk sec θ λk tan θ
−λk tan θ λ + λk sec θ
)
=
(
λ − λk 1+σ 21−σ 2 λk 2σ1−σ 2
−λk 2σ1−σ 2 λ + λk 1+σ
2
1−σ 2
)
(2.19)
will be a Darboux matrix of the spectral problem (2.1). Mapping (u, v, s) into a new solution (u, v, s), the relations of (u, v, s) and
(u, v, s) are determined by Eq. (2.15), i.e.,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
u = u + 2iλk
(
2σ
1− σ 2
)
,
v = v − 2s
(
1+ σ 2
1− σ 2
)(
2σ
1− σ 2
)
− 2v
(
1+ σ 2
1− σ 2
)2
,
s = s + 2s
(
2σ
1− σ 2
)2
+ 2v
(
1+ σ 2
1− σ 2
)(
2σ
1− σ 2
)
.
(2.20)
3. The exact solutions
We start from the trivial solution of Eq. (1.1), which is u = u0, v = v0 and s = s0, and we choose
h(k) =
(
h(k)1
h(k)2
)
, 1 k N, (3.1)
as the solutions of the Lax pairs (2.1) and (2.2) when λ = λk . Then we could construct a series of exact solutions of Eq. (1.1)
as follows.
We construct some new matrix
H (1) = (h(1),h(1)−), Λ(1) = (λ1 0
0 −λ1
)
, (3.2)
S(1) = H (1)Λ(1)(H (1))−1 = λ1(
h(1)
2
1 − h(1)
2
2
)
(
h(1)
2
1 + h(1)
2
2 −2h(1)1 h(1)2
2h(1)1 h
(1)
2 −h(1)
2
2 − h(1)
2
1
)
= λ1
(
A(1) −B(1)
B(1) −A(1)
)
. (3.3)
Using the Theorem 1, we can obtain the new solutions of Eq. (1.1)⎧⎪⎨
⎪⎩
u[1] = u0 + 2iλ1B(1),
v[1] = v0 − 2s0A(1)B(1) − 2v0A(1)2,
s[1] = s0 + 2s0B(1)2 + 2v0A(1)B(1).
(3.4)
With the help of Eqs. (2.4) and (2.12) and after some calculations, we can acquire the solutions of Lax pairs (2.1) and (2.2),
when u = u[1], v = v[1], s = s[1] and λ = λi . The solutions can be expressed as
h(i)[1] =
(
h(i)1[1]
h(i)2[1]
)
= (λi I − S(1))
(
h(i)1
h(i)2
)
= λ1 + λi[h(1),h(1)]
⎛
⎜⎜⎜⎝
∣∣∣∣ h
(i)
1 [h(i),h(1)]
h(1)1 [h(1),h(1)]
∣∣∣∣
∣∣∣∣ h
(i)
2 [h(i),h(1)]
h(1)2 [h(1),h(1)]
∣∣∣∣
⎞
⎟⎟⎟⎠ , (3.5)
where [h(i),h( j)] = h
(i)
1 h
( j)
1 +h(i)2 h( j)2
(λi+λ j) . We construct
H (2) = (h(2)[1] ,h(2)−[1] ), Λ(2) =
(
λ2 0
0 −λ2
)
,
S(2) = H (2)Λ(2)(H (2))−1 = λ2(
h(2)
2
1[1] − h(2)
2
2[1]
)
(
h(2)
2
1[1] + h(2)
2
2[1] −2h(2)1[1]h(2)2[1]
2h(2)1[1]h
(2)
2[1] −h(2)
2
2[1] − h(2)
2
1[1]
)
= λ2
(
A(2) −B(2)
B(2) −A(2)
)
,
where h(2)1[1] and h
(2)
2[1] are given by Eq. (3.5) when i = 2.
Then we can get the new solutions u[2], v[2] and s[2] of Eq. (1.1) from the following equations:⎧⎪⎨
⎪⎩
u[2] = u[1] + 2iλ2B(2),
v[2] = v[1] − 2s[1]A(2)B(2) − 2v[1]A(2)2,
(2)2 (2) (2)
(3.6)s[2] = s[1] + 2s[1]B + 2v[1]A B .
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when u = u[2], v = v[2], s = s[2] and λ = λ3,
h(3)[2] =
(
h(3)1[2]
h(3)2[2]
)
= (λ3 I − S(2))
(
h(3)1[1]
h(3)2[1]
)
= (λ3 + λ2)(λ3 + λ1)[h(1),h(1)][h(2),h(2)] − [h(2),h(1)]2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
∣∣∣∣∣∣∣
h(3)1 [h(3),h(1)] [h(3),h(2)]
h(1)1 [h(1),h(1)] [h(1),h(2)]
h(2)1 [h(2),h(1)] [h(2),h(2)]
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
h(3)2 [h(3),h(1)] [h(3),h(2)]
h(1)2 [h(1),h(1)] [h(1),h(2)]
h(2)2 [h(2),h(1)] [h(2),h(2)]
∣∣∣∣∣∣∣
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.7)
If we have carried out the DT N − 1 times and obtain the solutions of Eq. (1.1) as u[N − 1], v[N − 1] and s[N − 1]. Thus we
can express the solutions of Lax pairs (2.1) and (2.2) as follows:
h(N)[N−1] =
(
h(N)1[N−1]
h(N)2[N−1]
)
= N
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
∣∣∣∣∣∣∣∣∣∣
h(N)1 [h(N),h(1)] · · · [h(N),h(N−1)]
h(1)1 [h(1),h(1)] · · · [h(1),h(N−1)]
...
...
. . .
...
h(N−1)1 [h(N−1),h(1)] · · · [h(N−1),h(N−1)]
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
h(N)2 [h(N),h(1)] · · · [h(N),h(N−1)]
h(1)2 [h(1),h(1)] · · · [h(1),h(N−1)]
...
...
. . .
...
h(N−1)2 [h(N−1),h(1)] · · · [h(N−1),h(N−1)]
∣∣∣∣∣∣∣∣∣∣
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.8)
where
N = (λN + λ1)(λN + λ2) · · · (λN + λN−1)∣∣∣∣∣∣∣∣
[h(1),h(1)] [h(1),h(2)] · · · [h(1),h(N−1)]
[h(2),h(1)] [h(2),h(2)] · · · [h(2),h(N−1)]
...
...
. . .
...
[h(N−1),h(1)] [h(N−1),h(2)] · · · [h(N−1),h(N−1)]
∣∣∣∣∣∣∣∣
.
We construct
H (N) = (h(N)[N−1],h(N)−[N−1]), Λ(N) =
(
λN 0
0 −λN
)
,
S(N) = H (N)Λ(N)(H (N))−1 = λN(
h(N)
2
1[N−1] − h(N)
2
2[N−1]
)
(
h(N)
2
1[N−1] + h(N)
2
2[N−1] −2h(N)1[N−1]h(N)2[N−1]
2h(N)1[N−1]h
(N)
2[N−1] −h(N)
2
2[N−1] − h(N)
2
1[N−1]
)
= λN
(
A(N) −B(N)
B(N) −A(N)
)
.
Then we can get the new solutions u[N], v[N] and s[N] of Eq. (1.1) from the following equations:⎧⎪⎨
⎪⎩
u[N] = u[N − 1] + 2iλN B(N),
v[N] = v[N − 1] − 2s[N − 1]A(N)B(N) − 2v[N − 1]A(N)2,
s[N] = s[N − 1] + 2s[N − 1]B(N)2 + 2v[N − 1]A(N)B(N).
(3.9)
This process can be iterated, thereby yielding a sequence of new solutions usually.
Finally, we give some simple examples. We construct the solitary wave solutions for Eq. (1.1). Substituting the trivial
solution u0 = s0 = 0 and v0 = v (v is a non-zero constant) into the Lax pairs (2.1) and (2.2), and choosing basic solutions
corresponding to λ = λk as
h(k) =
(
h(k)1
h(k)2
)
=
(
c(k) coshηk + d(k) sinhηk
a(k) coshηk + b(k) sinhηk
)
, 1 k N, (3.10)
where
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v
(
a(k)λk ∓ ib(k)
√√√√ v2 − λ4k
λ2k
)
, d(k) = λk
v
(
b(k)λk ∓ ia(k)
√√√√ v2 − λ4k
λ2k
)
,
ηk = ∓
√√√√ v2 − λ4k
λ2k
(
x+ λ2kt
)+ η(0)k ,
then we construct
H (1) = (h(1),h(1)−)= ( c(1) coshη1 + d(1) sinhη1 a(1) coshη1 + b(1) sinhη1
a(1) coshη1 + b(1) sinhη1 c(1) coshη1 + d(1) sinhη1
)
, (3.11)
Λ(1) =
(
λ1 0
0 −λ1
)
, S(1) = H (1)Λ(1)(H (1))−1 = λ1
(
A(1) B(1)
B(1) −A(1)
)
, (3.12)
where
A(1) = − (a
(1)2 + c(1)2) cosh2 η1 + (b(1)2 + d(1)2) sinh2 η1 + (a(1)b(1) + c(1)d(1)) sinh2η1
(a(1)2 − c(1)2) cosh2 η1 + (b(1)2 − d(1)2) sinh2 η1 + (a(1)b(1) − c(1)d(1)) sinh2η1
,
B(1) = − 2(a
(1) coshη1 + b(1) sinhη1)(c(1) coshη1 + d(1) sinhη1)
(a(1)2 − c(1)2) cosh2 η1 + (b(1)2 − d(1)2) sinh2 η1 + (a(1)b(1) − c(1)d(1)) sinh2η1
.
Thus from Eq. (3.4), we can get exact solution of Eq. (1.1)
u[1] = −4iλ1(a
(1) coshη1 + b(1) sinhη1)(c(1) coshη1 + d(1) sinhη1)
(a(1)2 − c(1)2) cosh2 η1 + (b(1)2 − d(1)2) sinh2 η1 + (a(1)b(1) − c(1)d(1)) sinh2η1
,
v[1] = v − 2v
(
(a(1)
2 + c(1)2) cosh2 η1 + (b(1)2 + d(1)2) sinh2 η1 + (a(1)b(1) + c(1)d(1)) sinh2η1
(a(1)2 − c(1)2) cosh2 η1 + (b(1)2 − d(1)2) sinh2 η1 + (a(1)b(1) − c(1)d(1)) sinh2η1
)2
,
s[1] = (a
(1)2 + c(1)2) cosh2 η1 + (b(1)2 + d(1)2) sinh2 η1 + (a(1)b(1) + c(1)d(1)) sinh2η1
(a(1)2 − c(1)2) cosh2 η1 + (b(1)2 − d(1)2) sinh2 η1 + (a(1)b(1) − c(1)d(1)) sinh2η1
× 4v(a
(1) coshη1 + b(1) sinhη1)(c(1) coshη1 + d(1) sinhη1)
(a(1)2 − c(1)2) cosh2 η1 + (b(1)2 − d(1)2) sinh2 η1 + (a(1)b(1) − c(1)d(1)) sinh2η1
(3.13)
where
c(1) = λ1
v
(
a(1)λ1 ∓ ib(1)
√
v2 − λ41
λ21
)
, d(1) = λ1
v
(
b(1)λ1 ∓ ia(1)
√
v2 − λ41
λ21
)
,
η1 = ∓
√
v2 − λ41
λ21
(
x+ λ21t
)+ η(0)1 .
If we choose another basic solution corresponding to λ = λ2, given as follows:
h(2) =
(
h(2)1
h(2)2
)
=
(
c(2) coshη2 + d(2) sinhη2
a(2) coshη2 + b(2) sinhη2
)
, (3.14)
where
c(2) = λ2
v
(
a(2)λ2 ∓ ib(2)
√
v2 − λ42
λ22
)
, d(2) = λ2
v
(
b(2)λ2 ∓ ia(2)
√
v2 − λ42
λ22
)
,
η2 = ∓
√
v2 − λ42
λ22
(
x+ λ22t
)+ η(0)2 ,
then we will have the multi-solitary wave solutions of Eq. (1.1) from Eq. (3.6) with (3.13), (3.14) and
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(2)2
1[1] + h(2)
2
2[1])
(h(2)
2
1[1] − h(2)
2
2[1])
, B(2) = 2h
(2)
1[1]h
(2)
2[1]
(h(2)
2
1[1] − h(2)
2
2[1])
,
h(2)1[1] =
λ2 + λ1
[h(1),h(1)]
∣∣∣∣h
(2)
1 [h(2),h(1)]
h(1)1 [h(1),h(1)]
∣∣∣∣ , h(2)2[1] = λ2 + λ1[h(1),h(1)]
∣∣∣∣h
(2)
2 [h(2),h(1)]
h(1)2 [h(1),h(1)]
∣∣∣∣ .
With the help of Eq. (3.9), we can get a sequence of solution for Eq. (1.1).
4. Discussions and remarks
If we take the trivial solution u0 = s0 = 0, v0 = v (v is a non-zero constant) into the Lax pairs (2.1) and (2.2), and choose
its basic solutions corresponding to λ = λk as follows:
h(k) =
(
h(k)1
h(k)2
)
=
(
c(k) cos ξk + d(k) sin ξk
a(k) cos ξk + b(k) sin ξk
)
, 1 k N, (4.1)
where
c(k) = λk
v
(
a(k)λk ± ib(k)
√√√√λ4k − v2
λ2k
)
, d(k) = λk
v
(
b(k)λk ∓ ia(k)
√√√√λ4k − v2
λ2k
)
,
ξk = ±
√√√√λ4k − v2
λ2k
(
x+ λ2kt
)+ ξ (0)k .
Then by using this basic solutions (4.1) and Eq. (3.9), we can obtain some multi-periodic wave solutions of the generalized
coupled mKdV equation (1.1).
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